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Abstract 

We consider the one-loop renormalization of dimension four composite operators 
and the energy-momentum tensor in noncommutative (j) 4 scalar field theory. Proper 
operator bases are constructed and it is proved that the bare composite operators 
are expressed via renormalized ones, with the help of a mixing matrix, whose explicit 
form is calculated. The corresponding matrix elements turn out to differ from the 
commutative theory. The canonically defined energy-momentum tensor is not finite 
and must be replaced by the "improved" one, in order to provide finiteness. The 
suitable "improving" terms are found. 

1 Introduction 

Noncommutativity of space-time coordinates is an old enough idea which was proposed by 
Snyder £Q , in order to introduce a natural effective ultraviolet cutoff in quantum field the- 
ory. At present, the interest for field theories with noncommuting coordinates has grown, 
owing to the discovery of their relation to string theory (see [2] and references therein), 
which is considered as a prototype of the unified theory describing all fundamental in- 
teractions. Apart from the string theory motivation, noncommutative field theories seem 
attractive, as they provide sufficiently consistent non-local quantum field models, (see 
the reviews in jHlSE])- 
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Noncommutativity entails some important consequences. One of them we would like 
to mention is the so-called UV/IR mixing @0IE1 H3 QUI- The phenomenon of mixing 
UV and IR singularities appears at the quantum level in nonplanar diagrams: some 
of the UV singularities of a commutative theory are converted into IR singularities in its 
noncommutative counterpart. So, the contributions of nonplanar diagrams to the effective 
action have no UV divergences and the UV singularities of noncommutative theories are 
not the same as those of their commutative counterparts. As a consequence, this may 
violate the renormalizability of noncommutative field theories. 

The problem of the renormalizability of noncommutative quantum field theories was 
studied in a number of papers for different models (see e.g. [TTJ [121113 El El Ell [111 CHI 
ITH] ) and the general situation concerning the renormalization of fields and parameters 
(masses and coupling constants) looks now clear. Specific features of the renormalization 
of supersymmetric models were studied in the papers piHl2T|l2^l2^l2^l231l2l)ll27|l2^] . 

We would like to point out that, apart from the renormalization of fields and pa- 
rameters, there is one more aspect of renormalization theory, to be considered. It is the 
renormalization of composite operators. As well known, the renormalization of composite 
operators, i.e. operator monomials containing products of the fields and their derivatives 
at coinciding space-time points, is an independent problem in quantum field theory. Even 
if the Green's functions have been made finite by the renormalization of fields and pa- 
rameters, the composite operators in such a theory are still divergent. In order to make 
them finite, one has to carry out an additional study (see a discussion of this point for 
commutative field theory in [2H])- As we already mentioned, the renormalization structure 
of fields and parameters in noncommutative field theory was studied well enough, but the 
problem of the renormalization of composite operators in noncommutative field theory is 
still open. The only paper we know is the work [3U], where the renormalization of the 
operator 2 in noncommutative scalar field theory in four and six dimensions was written 
out in an explicit form. 

This paper is devoted to the renormalization of the energy-momentum tensor in four 
dimensional noncommutative 4 scalar field theory. The problem under consideration is 
closely connected with the renormalization of all dimension four composite operators in 
the theory. Some aspects concerning the structure of the energy-momentum tensor in 
noncommutative field theories were studied in [ISlEIlE2lESlEllEni , at the classical level. 

General renormalization theory (see e.g. |29j ) states that the renormalization of a com- 
posite operator demands to take into account all composite operators of the same mass 
dimension and symmetry. This phenomenon is called operator mixing. We are going 
to study the operator mixing in noncommutative field theory and compare it with the 
situation in the commutative theory. The energy-momentum tensor is a linear combi- 
nation of dimension 4 composite operators and, hence, the corresponding renormalized 
tensor is constructed in terms of renormalized composite operators. The renormalization 
of the energy-momentum tensor in the commutative theory was discussed in details by 
Brown [SHI. An important result asserts that the simultaneous fulfillment of the finite- 
ness of the energy-momentum tensor and the local conservation law leads to the necessity 
to replace the canonical energy- momentum tensor by the so called "improved" one. We 
discuss the analogous situation in the noncommutative theory and show that, unlike the 
commutative theory case, the standard conservation law for noncommutative theories is 
possible only in the massless case. 

The paper is organized as follows. In the next section we describe the general renor- 
malization procedure for composite operators. Section |H] is devoted to a brief review of 
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results concerning the renormalization of dimension four composite operators in commuta- 
tive scalar field theory. Next, we discuss the renormalization of dimension four composite 
operators in the noncommutative theory and emphasize the new aspects in comparison 
with the commutative theory. Section 03 is devoted to the renormalization of composite 
operators at zero momentum transfer. In section |H1 we consider the renormalization of 
the canonical energy-momentum tensor and prove that the latter must be replaced by the 
"improved" one, in order to be made finite. In section [7| we briefly summarize the main 
results of our work. The Appendix is devoted to discussing global conservation laws for 
the improved energy-momentum tensor. There, we check the conservation of the energy 
and momentum which follow from the finite "improved" energy- momentum tensor and 
see that the standard conservation law for noncommutative theories exists only for the 
massless theory. 



2 Renormalization scheme for composite operators 

We start this section with a brief formulation of some basic properties of noncommutative 
field theories. As it is well known, a noncommutative field theory may be constructed 
from a commutative field theory, by replacing the usual product of the fields with the star 
one 



f-9^{f*g)(x)= exp( + u)g{x + v) 



7^ (<?*/)(*), (1) 

u=v=0 



where the constants 9^ u are noncommutativity parameters with dimension of a length 
squared. For example, for the self-interacting scalar field which we will study in this 
paper, the action is written as 



S = d d x 



-d^* &*(/)- — <j>*<f> — 0*0*0*0j. (2) 

Here A is a dimensionless coupling constant and /i is an arbitrary parameter with the 
dimension of a mass. 

The energy-momentum tensor following from this action, with the help of Noether's 
theorem, is [THJEIESI 



11 1 777^ U^^X 

T^v = -<9 M -k d v <\> + -d u (j) -k <^0 - v^(-d a (f) * d a <\> - — * — * <f> * <j> * </>} . (3) 



In order to construct the renormalized energy-momentum tensor, we need to renormalize 
the operators d^cf) ★ d u <p, d a (p * d a (p, 4>* 4>, and 0*0*0*0. 

Let us briefly describe the procedure for constructing the renormalized operator, which 
is valid for both commutative and noncommutative theories. Let 0(0) be a composite 
operator, i.e. an operator which is constructed from products of the fields and their 
derivatives, at the same space-time point. In general, the expectation value of such an 
operator 

/D0e^WQ(0) 

< o(0) >= jD^m ^ 

is divergent. For the expectation value (J3J) to be finite, we need to renormalize the 
operator. By definition, a renormalized operator, denoted as [O], must have a finite 
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expectation value. The construction of the renormalized operator is performed as follows. 
First of all, it is convenient to transform the expression (J3J) as follows: 



(5 /D0e i ^ +jo ^' 

< o(0) >= { in jD**m 



(5) 



j=o 



JO(0)= d d xJ(x)0{<p{x)). (6) 



Hereafter, we shall omit the normalizing denominator. Furthermore, in calculating (jSJ) 
with the perturbative theory, the UV divergences originate from the one-particle irre- 
ducible (1PI) diagrams. Hence, if we make all the 1PI diagrams finite, the expectation 
value of the composite operator will also be finite. Therefore, we need to renormalize all 
the 1PI diagrams of the theory. The most convenient way of renormalizing the diagrams 
is to renormalize the generating functional of the 1PI diagrams (which is often called 
the effective action). For this aim, we apply the following transformations. Firstly, we 
introduce the generating functional of the connected Green's functions Wj 



jWAj) = I DfeHSjM+ifl, (7) 
S J ((j>) = S( ( j ) ) + JO(cf>), (8) 
d d xj(x)(j)(x). (9) 



Then, one performs the Legendre transform 

Pj(0) = Wjum- 3 (M (10) 

where j(4>) is defined from the equation 



6j(x) 



<f>{x), (11) 



with being the expectation value of the scalar field in the presence of the sources j 
and J 

As a result of the transformation, we have the equation 

giijtf) _ f D^j[Sj{4>)+j{4>){<l>-4>)\_ (13) 



The generating functional of the 1PI Green's functions Tj(0) is calculated, with the help 
of perturbation theory, by means of the loop expansion 

00 

r.(0) = E r ? ) (0) ) (1 4 ) 

n=0 

with being the sum of all the n-loop 1PI diagrams. Let us shift the integration 

variable <fi — > if = <fi — 0. Then we have, in the tree (zero-loop) approximation, 

Tf{$) = SM. (15) 
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The one-loop correction to the T^j\<f)) reads 

^ (0) = 2 trln ^)W)- (6) 

In the following, we will omit the bar sign over <p (0 — ► 0). 

The one- loop correction (fTBj) to the effective action is UV divergent. In order to cancel 
the divergences, we introduce one-loop counterterms in the classical action Sj (JEJ) 

Sf ] = S + Si + JO + JOi + 0{J 2 ), (17) 

where Si are counterterms which do not contain the source J, and JOi are counterterms 
which are linear in J. Note that we need not calculate counterterms which contain the 
source J to the second and higher power, because we need not renormalize expressions 
like 0(4>(xi))0((j)(x2))- ■ .0(<ft(x n )), n>2. As a result, we may define the renormalized 
operator as 

[0}=0 + Oi = J2Z 0l Oo t , (18) 

with Ooi being bare (unrenormalized) composite operators and being some constants. 
Similarly to the commutative case (see e.g. [29 ), it may be shown by dimensional analysis 
that, for renormalizing a composite operator, in the general case we need all operators of 
the same mass dimension. 

In this paper we study the renormalization of the energy- momentum tensor in noncom- 
mutative 0| scalar field theory. For this purpose, we need to renormalize the dimension 
four composite operators which enter into it. Before considering the noncommutative 
theory, let us describe the renormalization of dimension four composite operators in the 
corresponding commutative theory. 



Basic results on the renormalization of composite 
operators in the commutative theory 



The renormalization of dimension four composite operators in the commutative theory 
was discussed in j3SJ- As it was shown in that work, composite operators of the same 
dimension and Lorentz symmetry are mixed by renormalization. There are five scalar 
operators of dimension four, which are independent of each other. They are m. 



>5- 



2 



(>q and d a 



CM 



ft 



,d a c 



In cm 



the operator was not considered, because it has 



no effect on connected Green functions. Here we ignore this operator, as well. From the 
other four operators we can construct an operator, which is not renormalized. It is the 
operator related to the field equation of motion 



En 



(19) 



Since it is not renormalized, it is convenient to use it in the operator basis, instead of 
some other operator. Let the operator bases of bare and renormalized operators be 



f 



^0^4 
4! 

±m 2 4> 2 

E 
-d 2 <P 2 



and 



[Q] 



X[0 2 ] 



[E] 
-d 2 \c 



(20) 
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respectively. As shown in jSH], these bases are related to each other by a 4 x 4 matrix Z 



Qo = z[Q), 



(21) 



having the form 



Z 



\ 









d-A d-A 



/3(A) S(X) 








1 




(22) 



which is called the mixing matrix. Here /3(A), 7(A), 5(A), Z 2 and /(A) are defined from 
the computation of specific one-loop diagrams closely connected with the renormalization 
group equations j^S]. In the noncommutative theory under consideration, we are going 
to calculate the analogue of this matrix Z (|22|) . It is essential for us here that, in calcu- 
lating the Z matrix (|22j). insertions of composite operators in Green's functions at zero 
momentum transfer (i.e. operators which are integrated over space-time) are used. That 
is, the method used in deals with the renormalization of the operators / 0(x)d d x. 
On the other hand, in noncommutative field theories, the operators / 0(x)d d x and 0(x) 
are renormalized differently. This may be explained in the following way. Let us denote 
the Fourier transformed operator as 0(p), then / 0(x)d d x = O(0). If we insert the op- 
erator 0(p) in a Green's function and calculate it using some regularization, then we see 
that taking the limit p — > and removing a regulator are non-commuting operations. 
Moreover, if we first remove a regulator, then the limit p — > does not exist, due to the 
contribution of nonplanar diagrams (see jEHHO])- By this reason we can repeat the same 
calculations which are made in j2H], but only for renormalization of composite operators 
like / 0(x)d d x and obtain for the dimension-four composite operators analogue of the Z 
matrix (j22j) . but with the renormalization group functions corresponding to the noncom- 
mutative theory (|2*3Tl25j) . In section El we check this conclusion by explicit calculations. 
As far as operators at arbitrary momentum transfer 0(x) are concerned, we cannot use 
the method of for deriving the structure of the matrix Z. Instead, we are forced to 
calculate the elements of the Z matrix in an explicit way, with the help of perturbation 
theory only, which we consider in the one-loop approximation. 

4 One-loop renormalization of dimension four com- 
posite operators in the noncommutative theory 

Next, we investigate in noncommutative <fi\ scalar field theory the renormalization of 
the dimension four composite operators which enter into the energy-momentum tensor. 
For that, we need to know the counterterms Si and JO\ in ([17]). In order to find the 
counterterms, we use the background field method, the minimal subtraction scheme and 
dimensional regularization. We do not calculate the counterterms S\ and borrow them 
from ^21- The result of the renormalization of the scalar field, the mass, and the coupling 
constant, in the one-loop approximation, reads 




7 (A) = 0, 



(23) 




2/3A 



(24) 



2 ' 



6 




Figure 1: Divergent diagrams linear in J\ 



An 



^~ d X I 1 



2/3A 



(47r) 2 (d-4) 



/9(A) 



2/3A 2 



(25) 



with 7(A), 5(A), (3{X) being the renormalization group functions of the noncommutative 
theory. 



m 



The first operator we renormalize is ~^~ < P * 0- The term JO in (jSj) is now written as 



Tfl 2 f 

JiO — — J d d x Ji-k(j)-k, 



(26) 



In order to simplify the calculations, we perform the Fourier transform of the field <fi and 
the source J 



J(x) 



'd£ 
2^ 



e lkx J(k) 



(27) 
(28) 



and work in momentum space. The divergent diagrams linear in Ji are shown in Figure^. 
The diagram in Figure Q corresponds to the expression 



ifi m A 
4! 



x 



2 4- e wSk _|_ e ~ip6k _|_ e ~ip6p! _|_ e ipdp 2 

(p 2 — m 2 )((p + k) 2 - m?) 



(29) 
(30) 



As it is known, the expression (J3U)) may be divided into two parts (see e.g. jU]), which 
correspond to planar and nonplanar contributions. The planar contribution 



ifi m A 



4! 

x 



5(k + pi+ p 2 ) Ji(k)(j)(p 1 )<j)(p2)e~2 pidp2 x 



P (p 2 — m 2 )((p + k) 2 — m 2 ) 
2 i^- d m 2 \ 



, |t) , ?2 r(2-d/2) j^J(k + p 1+ p 2 ) .Um P MP2)e-^ ep2 x 



x dx 
Jo 



m — k x(l — x) 



d/2-2 



(31) 



1 We omit all the counterterms which are independent of the fields since we assume that the operators 
are inserted in the connected Green's functions. The counterterms which are independent of the fields 
have no effect on the connected Green's functions. 
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Figure 2: Divergent diagrams linear in J 2 

has a UV divergence, which is canceled by the counterterm 

1 A m 2 




As a result, the renormalized operator in the one-loop approximation reads 

( /- 4 A \ ml 

The same scheme is used for renormalizing the other operators. Let us consider the 
operator * * * 0. For this operator, the term JO in (J5J) is written as 

J 2 = J d d x J 2 * * * * 0. (34) 

Here /i 4 ~ d is introduced, for the source J 2 to be dimensionless. The divergent diagrams 
which are linear in J 2 are shown in Figure 121 The expression corresponding to the first 
diagram in Figure El is given by 

%^- d [ 5(k + Pl + pa) J2(k)4>(pMp 2 )e^ pi9p2 x 

r 3 _|_ e «P^fc _|_ gipfpi _|_ e ip6p2 
X / 2 2 ' (35) 

Jp p z — m z 

The planar contribution of this diagram reads 

i^- d [ 6{k + Pl + p a ) J 2 (A;)0(p 1 )0(p 2 )e-^^ / - T -^ (36) 
= -^^3m 2 r(l - d/2) J d d xJ 2 *<j>*<t> (37) 

and its divergence is canceled by the counterterm 

1 6m 2 



rf-4(47r) 2 



«Tx J 2 * * 0. (3* 



The remaining part of (}35j) has no UV divergence. 

The divergence of the second diagram in Figure El is canceled by the following coun- 
terterm: 

'J^lJ^f l ^ J 2*0*0*0*0 (39) 




Figure 3: Divergent diagrams linear in J £ 
and the renormalization of the operator 0*0*0*0 is given by 




/ A \ ur 6m 2 

The last operator which we need to renormalize is (9^0 * <9j,0. The term JO in (jSJ) 
corresponding to this operator is written as 

J 3 = J d d x J% v * <9 M * <9„0. (41) 

The divergent diagrams which are linear in J 3 are shown in Figure El The counterterms 
which are needed, in order to cancel their divergences are 



1 A 



d-A 3!(4tt) 2 
and 

/i 4 " d A 



/ d d x {^l,ud 2 J^ + l -d,d u J^ + m\ u J^ * * (42) 



d d x rj^ Jg v * ★ * * (43) 



d - 4 2 (3!) 2 (4tt) 2 
respectively. As a result, the renormalized operator is 

/i 4_d A 2 

[^0*^0] = <9 M * g^0 - - _ - - — — * * * - 

1 A / 1 1 

-ry^d 2 (0*0) + -3^(0*0) + m 2 r/^0*0) (44) 



rf-4 3!(4vr) 2 V6 ,M VY ^ ^ 3 
^0o * ^0o - rf _42(3!)2°(4 7r )2 ^0o * 0o * 0o * 0o - 



A /I , , ,1 



rf-43!(47r) 2 V6 
As a consequence, we have 



^i/S (0o * 0o) + o 9fid v ((po * 0o) + m r]^(f)o -k 0o .(45) 



„d-4 2A 2 

[<9 a 0*<9°0] = <9 a O * g Q o - - - - ^y (p0 * 00 * 00 * 00 



d-43!(4vr) 2 



(9 2 (0o*0o)+4m 2 o *0 o ). (46) 
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For convenience in the following calculations, we convert relations (|33J). (|40p. (|45|) and 
(|46|) and express the bare operators in terms of the renormalized ones 



50*00 



1 - 



1/3A 



m 



(4 7 r) 2 (rf-4) / 



(47) 



A 
IT' 



b Q -k <pQ* <po* (p 



fi A ~ d X 



+ 



1/3A 



(47r) 2 ((i-4) 



• -k ~k ~k • 



1 



A m 2 



<9 M O * <9^0o 



+ 



rf-42(4yr) 2 2 Lr 

,.4-d \2 



(48 



rf-42(3!) 2 (47r) 2 



^,[0* 0*0*0] + 



^-43!(4tt) 2 (j^^ * ^ ] + * ^ + m V[0 * $ ) >( 49 ) 



^0o*^0 o = [<9 a 0*«9 a 0] + 



A-d 



2A 2 



- 4 (3!) 2 (4tt) 2 1 



* -k -k < 



+ 



A 



d-43!(47r) 



(fl> 



4m 2 



(50) 



For comparison with the commutative case, it is convenient to write down the renormal- 
ization of dimension four scalar composite operators like ([21)1 . First of all, it should be 
noted that there are more independent scalar operators in the noncommutative theory, 
because the fields do not commute and, for example, the operators o *<9 2 0o and (<9 2 o )*0o 
are independent. We choose the bases as 



/ -k O * O -k O \ 



■1! 



-m^o * 0o 
O *L« C 
L£ C *0 O 



/ ^/i 4 ^ A [0*0* 0*0] \ 



and 



\m 2 [0 * 0] 



\ <9 2 (0 o *0o) J \ 
Here Lq c and L nc are the field equations 

(d 2 + mo)0 o + ^0o * 0o * 0o, 
(d 2 + m 2 )(j) + 



[0 *L n 
[L nc * , 
d 2 \6*. 



(51) 



j nc 
L 



Ao 
3! 
//~ d A 



3! 



> ~k ~k • 



The bases Qq c and [Q nc ] are related between themselves by the equation 

Ql c = Z nc [Q n % 
where the matrix Z nc looks as follows 



(52) 
(53) 

(54) 



( i + tt4^ 



A 



(47r) 2 (d-4) 2(47r) 2 (d-4) 









1 - 





(47r) 2 (d-4) ^ ^ 

1 



1/3A 







1 










o 1 -J- 1/3A 



(55) 



^ (47r) 2 (d-4) / 
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Here, we see that the elements of the mixing matrix in the noncommutative theory (|55j) are 
not related with renormalization group functions in the same way, as in the commutative 
case (|2*2|) . what confirms our assumption made at the end of section El Now, we have all 
operators needed for the construction of the energy-momentum tensor. 



Renormalization of dimension four composite op- 
erators at zero momentum transfer 



We have shown in the previous section that the renormalization of dimension four op- 
erators in the noncommutative theory differs very much from that in the commutative 
theory. The operator basis (|51jl consists of five operators unlike the commutative case 
(|2()j) . In order to find any similarities between the commutative and noncommutative 
cases, we consider the renormalization of dimension four operators at zero momentum 
transfer. Such operators are defined as space-time integrals of local composite operators. 
In this case the number of independent operators is two less than in (|51j). First of all, 
because of the cyclicity property 



(f*g)(x)d*x 



(g * f)(x) d d x, 



(56) 



the third and the fourth operators in (|51|). being integrated over space-time coincide. 
Secondly, the last operator in (}5Tf vanishes when it is integrated over space-time. So, we 
have only three operators in the bases 



/ 4? 1 0o * 0o * 0o * 0o d d x \ 



Qo 



V 



<(!( 

J0O 



X 



b -k O d d . 
* d d x 



and [Q'\ 



J 



I ^[70* 0*0*0^] \ 

-(57) 

\ [/ (f) * L nc d d x] j 



It is easy to see that the same number of basis operators will also occur in the commutative 
case after integrating (j2*Uj) . Next, we follow the procedure formulated in (SHI, adapting it 
for a noncommutative field theory. We begin with the general relations 



d\ 
dii 
dm 2 
d/j, 



(d-4)X + p(X), 
m 2 5{\), 



(58) 
(59) 



where /3(A), S(X) are the renormalization group functions in noncommutative theory. 

Let us consider the renormalization of the operator m\ J 4>o*4>od d x. Since / 4>o*4>od d x is 
a dimension two operator, then by dimensional analysis it can be mixed by renormalization 
with dimension two operators. But this operator is the only dimension two operator which 
depends on the fields and preserves <fi — > —<p symmetry. So, we may expect that 



4>Q-k(j)Qd d X = z{\) 



m 



<d d x 



(60) 



where z is some renormalization constant, which has the structure z = 1 + divergent terms. 
Let us consider the renormalized Green's function 



.xn 



-N 



Mxn) e 



(61) 
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where z<§, is the field renormalization constant 0o — z^<j>. Its derivative with respect to the 
renormalized parameters is a finite quantity. Let us consider its derivative with respect 
to the renormalized mass 2 







m 



dm? 



G N (x u ...,x N ) = z^ / D(f) (j) (xi) . . .<pQ(x N )m 



,2 diS c is 
] dm? 



-«m, 



-0o * 0o d d x ) e 



iS 



Gn(xi, 



Xm] 



-imt 



0o * 0o d d x) . 



(62) 



The l.h.s. of this expression is finite, hence the r.h.s. of this expression must also be finite. 
Substituting, instead of the bare operator, its expression from the renormalized one (|6U|) 
in the last line of ()62|) and recalling that this expression is finite, we find that Z2 has no 
divergent terms. Thus, we have 

(63) 



m o J 0o * 0o d x = |m / -k d x 

Let us consider the operator E — J O * Lq c d d x = — J 4> (x) ■ ^ ^ d d x. Inserting it 
into the renormalized Green's function (|61j) yields 



G N (x 1 ,...,x N ;E ) = z, N I D(j> (j) (xi) . . .<f) {x N ) I i I <f> (x) 



5iS 



■ d x e 



is 



z^ N I d d x I Dfofotx!) . . .(f) (x N )i(j)o(x) 



po{x) 
Se iS 
50 o (s) 



(64) 



Integrating the functional integral by parts and neglecting the term proportional to 5(0), 
which is supposed to be zero in dimensional regularization, we get 



Gn(xi, . . . , xn', Eo) 
Thus, the operator E is finite 

•) *L% c d d x 



-iNGxixi, . . . , xn). 



*L nc d d x 



(65) 



(66) 



Let us consider the derivative of the renormalized Green's function (j61|) with respect 



to A 



dG 
~dX 



—i 



iN'y(X) G(xx, ...,x N ) 

Xc 



(d-4)X + (3(X) 

A f 

+ (d - 4) G(xt, ...,x N ;^7j J 0o * 0o *o *0o d l 
- 5(X) G(x 1 , . . .,x N ; J 0o*0 o d' 



Here 7(A) is the renormalization group function which is defined by 
^ = 7(A) ^- 



x 



(67) 



(68) 



2 We omit the normalizing denominator in l|61|) and subsequent expressions. The derivatives acting on 
the denominator produce disconnected graphs which we ignore. 
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Using (pj!fl 155]) and substituting in (|57jl 
A /" 

— y O ★ 00 * 00 * 00 d^iT = 



4-d 



Ar 



a- 



4! 



2 

, 771 r 

+ 6 T 



* * * O 

0*0 d d x + c 



■ * L nc d d x 



(69) 



where a, 6, c are some renormalization constants to be defined, we find that the following 
quantities must be finite: 



(d-4)a 



(d- 4)6 -5(A) 



(d-4)c + 7 (A) 



(d - 4)A + /3(A) ' (d - 4) A + /3(A) ' (d - 4) A + /3(A) ' 



(70) 



Expanding the denominator in a power series in /3(A), producing an ascending series in 
(d — 4), we find 



a = 1 + 
Ultimately, we have 



A-V3(A) 
d-4 



*(A) 
d-4 : 



-7(A) 
d-4 ' 



where Z' is the following matrix: 



Z' 



/ -, , A-^(A) 
' ^ d-4 



V 



o 
o 



5W 
d-4 
1 





-7(A) 
d-4 


1 



(71) 



(72) 



(73) 



Here /3(A), 7(A), 5(A) are the renormalization group functions of the noncommutative 
theory, whose explicit form in the one-loop approximation is given by ([23H25)) . Next, we 
confirm this statement by explicit one-loop calculations. 

Let us consider the renormalization of the operator ^- / 0* <pd d x. This situation 
corresponds to the case Ji(x) = 1 in or in momentum space J±(k) = {2n) d 5{k). 
Substituting this expression for the source in we find that the number of planar 
diagrams is twice that for the operator at arbitrary momentum transfer. So, the corre- 
sponding counterterm is also two times bigger than (132)1 . As a result, we obtain 



m 

T 



0*0 d d x 



1 - 



2/3A 



(4vr) 2 (d - 4) 
0o * 0o d d x. 




<d d x 



(74) 



This result just corresponds to the second line of the matrix (|73jl . 

In order to check the first line of (|73|). we consider the renormalization of the operator 
/ 0*0*0*0d d a;. Carrying out an analogous procedure as for the previous operator, we 
get that both counterterms which are needed to cancel the UV divergences of the operator 
at zero momentum transfer are a factor 4/3 larger than the corresponding counterterms 
at arbitrary momentum transfer (|38j) and (|39j) . Hence, we have 



0*0*0*0 d d X 



4/3A 



(47r) 2 (d-4) 




>d d x 



d-4 



5WI 



d-4(4vr) ; 



>d d x 



(75) 
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and then 



A f 

— J 00*00*00*00^3; 



1 2/3A \ n 4 ' d X 
d - 4 (4tt) 2 J 4! 



■ * ★ ★ O 



+ 



2/3A m 2 



rf-4(47r) 2 2 



*6drx 



(76) 



Taking into account the renormalization group functions of the noncommutative theory 
this renormalization relation corresponds to the first line of the matrix ()73j1 . 
Finally, it is a simple exercise to prove that 



J 00 * <9 2 o d d x 



(9q,0 o * <9 a o cf^ 



/" * <9 2 cf^ 



V3A m 2 



d - 4 (4vr) 2 2 
/3A /i 4 " d A 



■ * d x 



(77) 



d-4 (4tt) 2 4! 
Collecting together (JUJ), flZ5|), flZZJ, we find that 



★ * * O 



*L nc d d x 



(7E 



which completes our check that the mixing matrix for dimension four composite operators 
at arbitrary momentum transfer is of the form given in ([73)1 . Thus,we see that the renor- 
malization of the composite operators at zero momentum transfer in noncommutative and 
commutative theories are very similar in contrast to the local composite operators. 



6 One-loop renormalization of the energy- momentum 
tensor 

In this section we study the problem of constructing the finite operator corresponding to 
the energy-momentum tensor. First of all, we want to check whether the bare energy- 
momentum tensor in noncommutative 0| scalar field theory is finite or not. In terms of 
bare fields, the latter is given by 

T Q ^ V = -dpfo -k d v cj)Q + ^ci0 o * (9^00 

~ Vftu (jzdafa -k d a 00 - ^j- 00 * 0o - 00 * 00 * 00 * 0o) • (79) 

In the previous section we found the renormalization of all the composite operators (FT7I - 
I50|) . which enter into the bare energy- momentum tensor (J79|) . Substituting (J47H5U|) into 
eq. (JZHJ), we see that the operator T 0fiu is not finite 

+ 1^18^05^-^^*^ (80) 
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Here 



-^(^[9 Q 0*5>]-^[0*0]-^ I[ ^[0*0*0*0]). (81) 

As in the case of the commutative scalar field theory, Tq^ needs to be improved, in or- 
der to be made finite [36J. For this aim, we add to T Q ^ U (|79|l all possible independent 
dimension-four composite operators, which are symmetric tensors of rank two, with ar- 
bitrary coefficients. The operators are all the scalar ones in Qq (151 [I times rj^, with the 
addition of three additional tensor operators, i.e. <9^0o * d u (p + <9 M 0o * d u (f) , c^„0o * O , 
0o -k &i v (j)Q. So, we have the expression 

T o^u = T 0fiu + — (d^o * d u <po + d^fo * d u <f) ) + B-q^L^ ★ O + Crj^fo * Lq c 



+ D(8lM * 0o + Efo * dlJ + Fr}^<f> * 0o * 0o * 0o (82) 



+ GV'-TT^o * 0o + Hr]^d 2 ((f)o -k O ), 



2 

which we want to make finite. Using eqs. (|47H5U|) . (|54j) . (J8Uj) and the following renormal- 
ization relations: 



u 4_d A 2 

{dlM*(f> = [(<9g» * 0] - d _ 4 2 3j / 4?r x 2 ^[0 * * ★ 0] 

A /l „, r , „ 2 



(^<9 2 [0*0] - |^[0^0] +mV[^^]) (83) 



d-43! (4tt) 2 ^6 ' M ^ J 3 

^4-c( ^2 

0o * <9^0 O = [0 * - rf _423! Uxf ^ [0*^*0*0] 

- ^431 (4^)2 (^ 2 [0*0] - jj^[0*0] +mV[0*0]) (84) 

we get 

= KJ (85) 

+ J^^w^* * f- 4 + F - D - E} 

1 A ?7? 2 

+ rf _ 43!(to) 2 ^-§-^*^ i 2A + 1F-2(D + E)-2G-1] 

Here [T' ] is a finite quantity 

= [T^] + ^([^0^^0] + [^0^^0]) + 5r7 M 4L" c *0] + C'r7^[0^L^ (86) 



+ D[(^0) ★ 0] + £[0 * «9 2 >] + Fr^^^[0 * * * 

2 

771 

+ GV — [0*0]+ #?/ M1 ,<9 2 [0*0]. 
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For Tq to be finite, we set all coefficients in front of independent divergent quantities to 
zero and find that 

E= -D-^±± F=-M±i (87) 

2 2 v ; 

4 8 ' 

with A, B, C and D being independent. Now it is easy to find the general expression for 
the finite energy- momentum tensor (i.e. the general improved energy-momentum tensor), 
in the one-loop approximation 

= T o ^-^^^0o*0o-i(^-^ 2 )0o*0o (88) 



+ B'-q^ -k(f) + C'r]^ </> Q -kL 
+ D'((0^o)*0o-0o*3Uo 



nc 




Here A' = (3A+l)/2, B' = B-(3A+1)/16, C = C- (3A + 1)/16, D' = D + (A+l)/A are 
new arbitrary numbers, Lq c is given by eq. (|52~|l and S ^ v denotes the following operators: 

Sop, = ^(po * d u (p + -jd v (f)Q -k d^cpo - -dl v {(j)o * <j>o). (89) 

The operators standing after the arbitrary numbers A', B', C, D' are finite, in the one- 
loop approximation, and do not affect the finiteness of the energy-momentum tensor. For 
simplicity we put A 1 = B' = C = D' = and define the "improved" energy-momentum 
tensor in the noncommutative scalar field theory as 3 

T op,v = T o^ - g ^ * ^° ~ 5 ( d ^ d » ~ V^d 2 )(f)o * 0o- (90) 

It is worth pointing out that the last " improving" term in (J9U|) coincides with the analogous 
term in the corresponding commutative case [^Hj, although the divergences which they 
cancel differ, due to the UV/IR mixing. 



7 Summary 

We have considered the renormalization of scalar field dimension two and four compos- 
ite operators and the energy-momentum tensor, in the one-loop approximation. Using 
a general theory of the renormalization of composite operators, which is valid for both 
commutative and noncommutative theories, we calculated the mixing matrix connecting 
bare and renormalized composite operators and discussed its features in noncommutative 
theory. Due to noncommutativity, the number of basis dimension four operators in the 
case under consideration is equal 5 unlike the commutative theory where this number 
is 4. The structure of the mixing matrix in the noncommutative theory (|55|) is more 

3 If m = our " improved" energy- momentum tensor coincides with the one proposed in |31j on purely 
classical grounds, for the energy-momentum tensor in the massless theory to be traceless. 
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complicated than in the commutative one and has no direct relation to renormaliza- 
tion group functions. The mixing matrix for the composite operators at zero momentum 
transfer is also found and it is shown that its matrix elements are connected with the 
renormalization group functions of the noncommutative theory. 

We have studied the problem of the renormalization of the canonically defined energy- 
momentum tensor. It turns out that the latter is not finite, hence we are forced to 
consider its improvement. We defined the improved energy- momentum tensor as a sum 
of the canonical one and an arbitrary linear combination of suitable composite operators. 
Requiring finiteness leads us to determine conditions on the coefficients of the above 
linear combination and allows us to fix it. As a result, we have derived the "improved" 
energy-momentum tensor in noncommutative scalar field theory. 
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Appendix 

Improved energy- momentum tensor and global con- 
servation law 

In this appendix we examine the conservation of energy-momentum in the theory with 
the "improved" energy-momentum tensor ()9()jl . The general situation in noncommutative 
field theories is as follows. In deriving conserved quantities with the help of Noether's 
theorem, the cyclicity property of the star product (|51)|). which is proved by integration 
by parts, is used. Therefore, in the equation which arise in Noether's theorem 



with e k = const being arbitrary global parameters of the symmetry transformation and 
J£ being currents, the integration region in noncommutative theories is the whole space- 
time, unlike commutative theories where the integration region is still arbitrary, because 
integration by parts is not used. As a result, in contrast with the commutative case, we 
do not have local conservation laws in noncommutative theory. However, the quantity 
<9 M J M must vanish at 9 —>■ 0, since there exists a smooth commutative limit at the classical 
level. Therefore, the most we may have is (see e.g. [TS] ) 




(A.l) 




(A.2) 
(A.3) 
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with / and g being some functions of the fields. In this case, we have 

Jd,J»d 3 x = J{f,g}d 3 x. (A.4) 

The r.h.s. of (jA.4|) vanishes only in the case 8° l = 0, and then the charge Q — J J° d 3 x 
is conserved. Thus, in noncommutative field theories there are only global conservation 
laws 4 and only when 9° l = 0. 

This situation may also be explained as follows. In calculating (|A.1J) in the case of 
only spatial noncommutativity 6° l = 0, integrating by parts is carried out only in spatial 
directions and not in the time coordinate. So, the time integration region is still arbitrary, 
in this case, and we can write 

J d^d 3 x = d J J°d 3 x = 0. (A.5) 

Thus, we have the conserved quantity Q = J J°d 3 x. 

Let us turn to noncommutative scalar field theory. If we choose the energy-momentum 
tensor as in (|79p . it satisfies the relation 

d"T, u = ^{{^d v <j>}, 0*0}. (A.6) 

This means that a global conservation law exists. However, such choice of is not finite. 
If we improve the energy-momentum tensor and make it finite (|90|h then 

= ^{{0,^},0*0}-^m 2 ^(0*0). (A.7) 

From (|A.7|) we see that, after integrating over the whole space, the last term in (|A.7|) 
disappears if v is a spatial index and the field <fi has the proper asymptotic behaviour. 
So, the momentum is always conserved, but the energy is conserved only for a vanishing 
mass. Hence, in the theory under consideration we may construct an energy-momentum 
tensor which is finite and leads to conserved energy and momentum only in a massless 
theory. 

However, there exists another way to define global conservation laws. Let us introduce 
the quantity 

P v = J T°d 3 x (A. 8) 

with Tjf being the canonical energy- momentum tensor (|79J1 . It is evident that P v in (jA.8|) 
is conserved in time d°P u = for the spatial noncommutativity. Next, we show that in 
this case the quantity (|A.8|) is a finite operator, at least in the one-loop approximation. 

The operator T^ v (179)1 is a linear combination of five composite operators. As a result, 
the operator P v in (jA.8|) is a linear combination of these composite operators at zero 
momentum transfer. We study the renormalization of the operator P v in (|A.8[) . Let us 

2 

begin with the operator ^ / O * 0o d d ~ 1 x. In order to renormalize such an operator, we 
put J\{x) = 5(x° — t) in the integrand of (J5BJ). Then, this corresponds to J\ ~ S(k) in 
the expression ()29|) . which leads to r p i fi lw k l/ = in (|3U|). and we find that the number of 

4 An attempt to construct the locally conserved energy-momentum tensor in noncommutative scalar 
field theory was made in the work . 
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planar diagrams is twice more than in the case of the renormalization of the operator at 
arbitrary momentum transfer and so the counterterm is also two times larger than 
Thus, we have 



m 



-k(f)Qd d l x 



m 
T 



*6d d - l x 



(A.9) 



Analogous considerations may be carried out for the other operators and we get 

1 2/3A\/i 4 " d A 



Ao 
4! 



% -k (j) * (f)Q -k (j)Q d d l X 



■d-1. 



d^cpo * d u (po d x 



4-d 



+ 



+ 



' 1 2/-6X /i A r 

K d - 4 (4tt) 2 j 4! [J 

1 2/3Am 2 ■ 
f d-4(4vr) 2 T~ . 

j d^ + d^d^x 

A 2 



■ -k <p -k 6 -k 6 d X 



d-1. 



*6d d - 1 x 



j± 

d - 4 (3!) 2 (4vr) 2 ^ 

1 „o I 



-k 6 -k d> * 6 d d 1 x 



+ 



A/3 



d-4(4vr) 2 V6 



(A.IO) 
(A.ll) 



It should be noted here that in the case of spatial noncommutativity 8° l = we have got 
the same renormalization constants as in the case of the renormalization of the operators 
at zero momentum transfer (j^H ITfil I77jl . This happened, owing to the fact that such a 
noncommutativity does not affect the time components of variables, and thus there exists 
a smooth limit po — > (po being the time component of the transferred momentum) at 
the quantum level. So, it makes no difference, whether the operator is integrated over 
time or not. 

Let us turn now to the energy-momentum vector P u in (jA.8|) . Substituting eqs. (jA.9l 
lA~T0l EH) into the r.h.s. of (TOl) one gets 



Pu 



d n d) * d„(b d 3 x 



2 

m 



*(bd x 



+ V0u 



d v (p * d Q <p d 3 x 
A 



2** 



CL0 * Cp</> d 3 X 



4! 



> * <p -k <p -k 6 d X 



(A.12) 



We see that ()A.12|) is expressed in terms of renormalized composite operators and hence 
is also finite. Thus, the quantity P u in (|A.8|) may be considered as the energy-momentum 
vector of the field in the noncommutative theory. 
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